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SLOWLY VARYING HIGH-FREQUENCY STRESS-STRAIN STATES IN IMMERSED SHELLS*

YU.D. KAPLUNOV

The asymptotic integration method is used to derive two-dimensional
equations that describe, near the cutoff frequency, the slowly varying
component of the stress-strain state of a thin elastic shell immersed in
an infinite compressible liquid. The effect of the fluid on different
types of high-frequency, long-wave vibrations of the shell is
established. Applications of the equations to hydroacoustic problems
are discussed for the case of a circular cylindrical shell.

The asymptotic integration method has been previously used to derive two-dimensional
equations describing slowly varying high-frequency stress-strain states in an elastic layer
superimposed on an acoustic half-space /1, 2/ and in a "dry" shell (without contact with a
liquid) /3/. Slowly varying high-frequency stress-strain states in dry plates and shells are
studied by the variational approach in /4, 5/.

1. Basic relationships. Consider a closed convex thin elastic shell immersed in an
infinite compressible liquid which performs harmonic oscillations of the form e,  The
radius-vector of a point in three-dimensional space is represented as the sum

P (o, @y, @5) = M (2, @) + agn (1.1)

where M (o), @,) 1is the radius-vector of the points of the shell middle surface, n is the
unit normal vector to the shell and «, is the distance along the normal from the midsurface.
We assume that the midsurface is related to the lines of curvature and the vector equality
(1.1) accordingly defines a triorthogonal coordinate system.

We will write out the basic relationships of the problem using the following notation:
Omn and v, (m, n, k=1,2,3) are the stresses and the displacements of the elastic medium
forming the shell, ¢ is the liquid displacement potential, Q* (k =1, 2,3) are the loads
applied to the shell faces, 2k is the shell thickness: R;, R, and R, respectively, are the
principal radii of curvature and the characteristic radius of curvature of the shell midsurface,
E is Young's modulus, v is Possion's ratio, ¢, and ¢, are the velocities of propagation of
shear waves and compressional-dilatational wavesinthe shell material, ¢, is the velocity of
sound 1in the liquid and por 0, respectively, are the density of the liquid and of the shell
material.

The dynamic equations of elasticity theory in the region —h <{a,<(h filled by the
shell are written in the form

Hibey, ; + Hy'oig, g + 0u,5 + (HH)Hy, o (04 — 0) + (1.2)
2(HH)Hy, jo;; + QHT Hy, 3 + H7 Hy ) 043 + po®y; = 0
Hi Yoy, o + Hj 0y, + 033,35 — H'Hi, 304 — H7UH, 005 +
(HH)(HH), 4055 + Hj, 105 + Hi, joy] + po’vg =0
Gy = 2B, By (vs,s + H;7 vy 5 + H7UH7 U Hy 0 + Hi7'Hy 0g) +
(A + B)H;™ (vi, s + Hi, vy + HH, gv)))

Ogs = 2E, (B, (H "y, -+ Hy 'y, 5 + HT'H7 Hy, w, + HOUHSUH, vy +
HYH; vy + Hy7WHj, 0v4) + (1 4 By)vs,sl
Gig = Ey (H; g, ¢ + vi,5 — H7 Hi, 50)
0y = Ey[H; iy + H7 Wy s — (HH)NHs oy + Hy,ow)))
H, = A; (1 +ayRy), i,j =1, 2, is%f; B, = v/l — 2v)
Ey =1LE/( +v), f.x = 0f/day, k=1,2,3

Here A; are the coefficients of the first quadratic form of the midsurface.
The oscillations of the liquid in the region exterior to the shell a;>>h are described
by the Helmholtz equation
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A + (0¥eH)p = 0 (1.3)
where A; is the three-dimensional Laplace operator. The boundary conditions on the shell
faces have the form

Ogi ((11, g, i_h) = Qii (i = 1a 2)! 33 (alv Ayy — h) = Qs— (1 4)
Ogs (@, Gg, 1) = Q" — pe?@ (4, Oy, £), V3 (@, o, B) = 0¢/005 |aymn

The potential ¢ 1is required to satisfy the radiation condition
/0 |P | —i(alcp=0o(|P[") as [P|—oo 1.5y
We will assume that the relative shell half-thickness m = /R and the relative liquid

impedance & = c¢p,/(c;p) are small parameters. The relationship between these parameters is
taken in the form

e=1e (£>0, g ~ 1) (1.6)
We will consider the frequency range in which
@Rley = q7'p (p ~ 7°) (1.7
Let us stretch the scale of the independent variables in (1.2) by the formulas
a; = Rn?;, oy = Rni (1.8)

Here ¢ is the exponent of variability of the required stress-strain state by the variables
a; (i=1,2); we assume that differentiation with respect to the variables §;, { does not
change the order of the original variables.

Consider the stress-strain (SSS) of a shell with exponent of variability g¢<C1, which
in the range (1.7) will be called slowly varying high-frequency stress-strain states (SV HF
SSS). We will show that SV HF SSS occur in narrow neighbourhoods of the cutoff frequencies
and that two types of such SSS exist. Type 1 SSS correspond to quasitransverse oscillations
of the shell when uvy>v; (i =1,2) and type 2 SSS correspond to quasitangential oscillations
for which conversely v;> v;. We accordingly expect that the effect of the liguid on the
oscillations of the shell depends on the type of SSS considered.

Before proceeding to study SV HF SSS, we will apply assumptions (1.6)-(1.8) to express
the potential ¢ in the force boundary condition on the contact surface in terms of the par-
ameters of the shell SSS.

2. Asymptotic representation of the pressure of the liquid on the shell. Let us first-
consider an auxiliary Dirichlet problem for the Helmholtz Eq.(1.3) in the region ay>h with

the boundary condition
@ (&), Gy h) =P (g, &) 2.1),

and radiation condition (1.5) at infinity. In (2.1), (o, a,) is a given function such
that Rép/da; ~ 9 (i =1, 2; ¢g<< 1).

Let us derive an asymptotic representation of the solution of this problem in a thin
layer of the liquid of width ¢ = ayh — 1 ~ n° near the wall. The displacement potential is
specified in the form

@ = exp (icuy)le, (2, @) + @y (@, @) + O (*¥)], ¢ = ¢yley (2.2)

Substituting (2.2) into (1.3) and (2.1), we obtain
Po =P, ¢ = —oRp (1/R; + 1/R,) 2.3)

This result enables us to express the pressure of the liquid on the shell in the third
boundary condition in (1.4) in terms of the normal displacement of the shell face. Indeed,
substituting the representation (2.2) into the imperviousness condition (the last condition
in (1.4)) and using relationships (2.3), we obtain

_ ihvg (a1, G, h) in { R R -
@ (o), @y, h) ———acp’—[ —m(‘R—‘ﬁ-—K)-f-O(Y]” 2‘5‘)] (2.4)

The term with the multiplier v 1in the bracketed expression represents the effect of shell
curvature. We shall see in what follows that this effect may be quite substantial in some
cases for ¢ < '/y. The presence of this term distinguishes the representation (2.4) from the
common hydroacoustic approximation obtained in the framework of the piston theory*.

*Gol'denveizer A.L. and Radovinskii A.L., Asymptotic Analysis of Oscillations and Radiation
of a Shell in a Liquid, Preprint 275, Moscow, Akad. Nauk SSSR, Inst. Probl. Mekhan., 1986.
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3. Two-dimensional equations of type 1 SV HF SSS. SV HF SSS observed near the cutoff
frequencies A = am/(2p) (B = cfe; = [(1 — W)/(@2 — 29}, m& N, m ~ 1)  will be called type 1
SV HF $SS. The freguencies A are the eigenfreguencies of the compressional-dilatational
modes of a transverse fibre in a dry shell. The neighbourhoods of these frequencies are
defined by the asymptotic relationship.

p—A~q (>0 (3.4
where b is the deviation exponent.

Let us examine the properties of these $S5 for free oscillations Q=0 (k=1,2,3).
We define their asymptotic behaviour in the form

vy = kg, O = Eypxs U; = Buy, 015 = E* 95y, oy = En™sy; (3.2)

Here and below we assume that the dimensionless quantities wuy, S, Sip Sy (Bh7i=1,2; is:j; k=
1,2,3). are of the same asymptotic order. The existence of SS§ with asymptotic behaviour
{3.2) in the neighbourhoods (3.1) of the cutoff frequencies A will be proved as follows.

Let us derive approximate two~dimensional equations (independent of the transverse
coordinate [) which describe type 1 SV HF SSS in an immersed shell. We will first simplify
Egs.{1.2) and the boundary conditions {1.4) {using (2.4)) by dividing the reguired SSS$ into
symmetric and antisymmetric components relative to the shell midsurface. The shell displace-
ments can accordingly be represented in the form of a sum

Uy = ﬁ'ko + 'st‘xl, s = min (11 t) (33)

The variables with the superscript 0 relate to the asymptotically principal symmetric
(antisymmetric) $SS component, and the variables with the superscript 1 relate to the
asymptotically secondary antisymmetric (symmetric) component. We assume that u,° u,! are
of the same asymptotic order. The representation (3.3) is made possible by the structure of
the relationships (1.2), (1.4), (1.6), (2.4) and will be justified below.

Let us now substitute formulas (1.6)-{1.8), {(2.4), {3.2), (3.3) into {1.2), (1.4). We
will express the stresses in terms of displacements and omit the terms which are ignorable
in the first approximation for constructing the final two-dimensional equations. Using the
fact that u,° u,! are even {0dd) with respect to §, we obtain, after some reduction, the
system of equations

Put/ot? + i + (1 — 2v) grad 8u /8L + O () =0 (3.4)
Pu A 4 Wty + 02 [(1 — 2v)t div w4 Auy®) —
Wiy (1”4 LOu/00) + ntt,0u,l/8L + O (2 2) = 0
Fudo5F + piflug + Wi du 00+ O (2T = 0
r=min (2 — 2q, 1 + &), . ="u,i, + u,i,
%y = R (U/RY + 1R, j=1,2

with the boundary conditions for =1

G083, + grad ug® + O (1) =0 (3.5)
(1 4+ By) 0uy®/08 -+ By (22 div ue® — nPaus® -+ tiuugt) —
I g% /(Be)] us® — Yain'eoht (us® -+ Wougl) 4 O (7 - 2e) =0
(1 + By) Oug?/oL —1/ i ~eohs (us® 0—!—( n"ua‘%-&‘ Woas® [y — n'es/(8e)] 4
n) =

Here i, and i, are the unit vectors of the orthogonal system of coordinates chosen on the
midsurface. All the differential operators occurring in (3.4), {3.5) act on the shell mid~
surface.

Let us consider the case when the $SS defined by u," is antisymmetric with respect to
{. Then in (3.1) m = 2n, n& N. From the second equation in (3.4) we obtain the represen-
tation

uso = w (§;, gg) cos 5}*{; -+ ﬂ'uar" (gh §21 4} (3.6)

where w{E, E) and u;° (&, &, {) are unknown functions. Substituting expression (3.6} into
(3.4) and in the first and third boundary conditions in (3.5), we obtain with error O (n + )

gr?\dw ( smémg __ 2cosBAsin AL ) (3.7)

0 o
e cos A

gt = 28w {ni-o, [ 44 (4 —PBy) sin BAL — - Los PAL+
4% ("Xi'; — i)sin ﬁAg] + - infeg sin ﬁA;}

g = NENT Ay g -+ WAL
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_ w { {sinBAL 2 cos PA cos AL
Ar-sr ———(-—p— T Aesa )T

M. of 1 1 7 LsinBAg 1 ca

T B ) M]TTRAT T ES
< . 1 1 :

Avgr = Tnlsoﬁwgsm BAL [I. + 5 %M (A_c — L)]

Using formulas (3.7), we can show that all the quantities in relationships (3.2), (3.3)
are of the same asymptotic order. For ¢>>1 they reduce with an additional error O (v
to the corresponding formulas for a dry shell /3/.

We substitute (3.7) into the second boundary condition (3.5). Collecting similar terms
and dropping asymptotically secondary guantities, we obtain

n2 8 T*Aw + [T R* + Yyin'eo + YantHegk ((Ac)™ —0) + (3.8)
(p — Alw + Ol + (0 + ) + 0 )1 =0
T*=2—1éBT——itf,—A, TR‘=“-'%[”2 (3—By) + —7‘1 (1+By)]

The transformations applied in deriving the two-dimensional Eq.(3.8) hold when T* ~ 7°,
If this condition is not satisfied, additional analysis is required /2/. Note that in
addition to the term O (') we retain also the term O (n**!) in (3.8). The imaginary part
of the term O (n'**) obviously can be omitted to a first approximation compared with the
purely imaginary term O (n). The real part of the term O (n*!), however, may have a
significant effect in some problems. An appropriate example is given in Sect.5.

Let us change in Eq.(3.8) to the original dimensional coordinates o; on the shell mid-
surface, using the notation u2 (a,, @)= hw (,, @,). Omitting the O-term, we write

1, 1 1 1 1 . wh .
Thvy® + [Tn+ o+ ek + T{)(T:—L)"‘(T—A)J =0 3-9)
T BETE, Ta—— 24 \YAR T AW L
I = h*T+, ln——TU ) B3 '1"1;_22‘)‘1‘ Sﬂ’Rp’fzJ

If &=0, then (3.9) reduces to the equation describing the SV HF SSS of a dry shell
/3/. The case when the displacements u;’ define a symmetric SSS (relative to the shell mid-
surface) is analysed similarly. Eq.(3.9) remains applicable, apart from the replacement of
tg with —ctg in the expression for the coefficient T and n with 7 —1/, 1in the expression
for A.

In the case of forced oscillations, the right-hand side of Eq.(3.9) acquires an additional

term which represents the action of the forces on the shell faces. It is identical with the
rorm faor the Ar\y chn]'l and hae the farm

o
1§ Term Ior Tne Qry snell anQ nas tne orm

P 1 Vil 2 IR . O ST B \’“’”F { A
3T A 2 \R T / A —ctgA) ]

Fa=1(Qs" F Q5)E,, q)s = "4 (Qs" - Q57 )VEs
Fy =1 Qf - @7V Ey, j = 1,2, Fe = Fii, + Fily

—
(4]
—
=]

=

The upper (lower) signs and upper (lower) expressions in braces in (3.10) correspond to the

case when the asymptotically principal component of the shell $55 is antisymmetric {symmetric)
relative to the shell midsurface.

4. Two—dimensional equations of type 2 SV HF SSS. Type 2 SV HF SSS are observed in the
neighbourhoods (3.1) of the cutoff frequencies A =am/2 (me N, m ~v’), which are the
eigenfrequencies of the shear modes of a transverse fibre in the shell. The asymptotic
behaviour of these S$SS is given by

v; = huy, vy = hn'-lu, (4.1)

Ois = Eysig; Oy = Eyn8yy, 0 = Euntdsy

The partition of the shell displacements into symmetric and antisymmetric components
relative to the midsurface is defined in this case by the relationships

— 0 1 wsel g — 2 0 1 a8 1l o o min (4O 9. 1 B // 2
u” + neuyt, ug wy + tug, s =min {1, 2 — 2 4 ) {4.2)

Uy

Substituting (1.6)-(1.8), (2.4), (4.1), and (4.2) into (1.2), (1.4) and using the same algebra
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as in Sect.3, we obtain the system of equations

PuLlor + pPus + (2 — 2v)t div dul/9g + O > ¥) =0 (4.3)
G2u,%/0%2 + plug® 4 122 [(1 — 2v)7! grad (6us®/00 + divu®) + Au’] —
N2 (% Lque® + %,L0u0/0L) + ni+oi, 0u,Y/AL + C (ne2a+) =0
82u,1/852 + pugl + nl-sne,duct/dg -+ O (qr2ars=s) =0
Liue = Ri (R 'uji, + Rylupiy), j =1, 2

with the boundary conditions for { =1

(1 + B)ou/at + B, div u® — Yin'eguuy® + 0 n*) = 0 (4%
0u®/0% + 122 grad ug® + MPLyu® — Lyt 4 O (n22) =
aurl/ac —_ nl_s‘Lxuto + [0} (n2—2q+s~s,) =0

Let us examine the case when the $SS defined by u,° (k= 1,2,3) 1is antisymmetric with
respect to {. The expression for the cutoff frequencies takes the form A =1'Y,u(n— 1) (n <
N, n ~ 9. From the second equation in (4.3), we obtain

= (&, &) sin pg + pr2aud (&, B0 1) (4.5)

where P (&, &), ue® (§;, &5, ) are unknown vectors.
Substituting expression (4.5) into (4.3) and into the first and third boundary conditions
in (4.4), we obtain

ug = 2® [0 ar— BB (3 5in A — infeqf ote pA)) + (4.6)
O (W + 2 4 )
u = — ntsap [(Ly A Ygn ) At cos AL+ Yo, Lsin ALL -

O (E-tares %)

o AW °XS AL __ grad i;‘;:flsl;x BAL (2sin A — in'eoP ctg BA) +

_\PC(— ”1 -+ X2)< cos A §51n AZ) 40 (1]2—2:; + nzg £ ,r]b)

Uz,

Substituting (4.6) into the second boundary condition of (4.4) and omitting asymptotically
secondary terms, we obtain a two-dimensional system of equations for v,

N4 (Y, A A + (B* + in'e,B,*) grad div ] + (W*Br* + (1 — (4.7)
A + 0 (4 4 0 4 ) =0

4B ctg BA petgpA \2
pr— BB g —2( SR

Bp* = — A {Y, (M + x;) A ULy Lyl

Let us change back to the original coordinates in the system of Egs.(4.7), putting
vi® (g, @) = kP (&, @), Omitting the O-term, we obtain

BAVE -+ (B + ieBo) grad div v, [B2+ (—- —A)] ver =0 (4.8)
B = h*B*, B° = hBy*  Bpv:®=— -’Il\l{[ ( Hl’ + Ro? )+ 4H1ﬂ'z] f+

7 () (i S )+ iy i}

All the remarks made regarding Eq.{3.9) are equally applicable to Eq.(4.8). The two-
dimensional system of equations for the case when the displacements u," define a symmetric
SSS relative to the shell midsurface are obtained from (4.8) by replacing ctg A with —tg BA
in the expressions for B and B, and n — '/, with n in the expression for A. In the case of
forced oscillations, the right-hand side of (4.8) should contain the vector

4hP grad Fy ctg BA }] , (4.9)

(—1)" & hO 1 1
i_[ () T A gpa
J = 1/2 (Qj+_T_Qj—)/E*’ j= 1,2, @ = d)1i1 + (Dzin
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All the quantities in (4.9) and the rules for choosing the signs and the expressions in
braces are the same as in (3.10). The expression for the external force vector (4.9) is
identical with the corresponding expression for a dry shell.

5. A circular cylindrical shell. Let us discuss some qualitative features of SV HF SSS
for the case of a circular cylindrical shell, when R; = o, R;= R, and Egs.{3.9) and (4.8)
have constant coefficients. Let us consider type 1 SSS in more detail. We will seek
particular solutions of (3.9) in the form

vy® = exp [IR~! (liy + Ixxa)] (5.1)

where I, and & characterize the variability of the SSS along the midsurface coordinate lines.
Substituting (5.1) into Eq.(3.9), we obtain

wre 1) = o (g — )+ ek et )+ (50 - ) 62

Ca

Let I, ~1n7% where ¢ (i=1,2), respectively, are the exponents of variability in the
direction of the longitudinal axis and the circumference of the cylinder.

We will first consider the case when [ has to be determined given the oscillation
frequency o and the parameter /. characterizing the circumferential distribution of the
solution. This formulation corresponds, for instance, to the problem of the forced oscil-
lations of an immersed cylindrical shell under the action of an «;-concentrated annular load
with . waves along the circumference /6/. Taking relationships (1.6) and (3.1) into account
and using (5.2), we obtain

gy == max (g3, 1 — Yab, 1 — Yat) (5.3)

A number of important conclusions follow from (5.3). First, we can ignore the third term
on the right-hand side of (5.2) with an error not exceeding 0 (n), i.e., the piston theory
may be used in this case to allow for the effect of the liquid. Second, if at least one of
the three inequalities ¢;>0,b6<2,t<2 1is satisfied, then with an error 0 (n*®) we can
ignore the first term on the right-hand side of formula (5.2) which determines the dependence
of the solution on the exterior geometry of the cylinder (the principal radius of curvature).

Let us now determine the position of the real part of the 5-th eigenfrequency for the
plane problem (};=0). This information is of interest for problems in scattering theory /7/.
From Eq.(5.2) we have

wh 2 1 en
(q>h=A+m[pm+ﬁ%1—Tﬁﬂ]”Eﬁ (5.4)
To fix our ideas we will assume that t=1 in (1.8), i.e., e~n. Then the residual

term in Eq.(3.8) is of order O0[n*?%:(n 4 ¥ 2%)). The asymptotic formula (5.4) and the last
estimate are identical with the results of /7/. For @2>0, we can ignore the terms 0(n?)
on the right-hand side of (5.4), because the corresponding correction is asymptotically small
compared with the distance between neighbouring resonances, which is of the order of 0 (42"%).
A similar analysis can be conducted for type 2 SV HF SSS. Without going into detail,
we will merely note that unlike the previous case, when the imaginary term corresponding to
the damping of the liquid was independent of the resonance index and had the constant order
0 (e), the order of this term for type 2 SSS is O (en?2%).

I would like to acknowledge the useful comments of D.G. Vasil'yev and A.L. Gol'denveizer.
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STATIONARY QUASITRANSVERSE SIMPLE AND SHOCK WAVES IN A
WEAKLY ANISOTROPIC NON-LINEAR ELASTIC MEDIUM*

A.P. CHUGAINOVA

Two-dimensional stationary simple and shock waves in a weakly
anisotropic non-linear elastic medium are considered under the same
assumptions as in /1-6/, which studied one-dimensional non-stationary
simple and shock waves in a prestrained non-linear elastic medium.

The standard analysis of  stationary simple and shock  waves 779/ in the
magnetohydrodynamics of a gas with a frozen magnetic field essentially corresponds to a
special case of an anisotropic elastic medium. Particular plane selfsimilar boundary-value
problems of shock wave reflection from the boundary of an isotropic non-linear elastic
half-space were solved numerically in /9, 10/.

1. Equations describing the behaviour of two-dimensional stationary simple waves. A
weakly anisotropic non-linear elastic medium is defined by the elastic potential /1/

_ ') 1 o, w, dw,, awk)
O = pU (1 i < - 1o, ), 8i1~7(ﬂ7+7,7k—+7m— 7,

Here U is the internal energy of the medium, S is the entropy per unit mass, g; are the
components of Green's strain tensor, p, is the density in the unstressed state, pi") are
tensors specifying the deviation of the medium from an isotropic medium, w; is the displace-
ment vector and 1; are the Lagrangian coordinates (Cartesian right coordinates in the un-
stressed state); here and henceforth, i,j,k=1,2,3.
The system of three equations of motion in Lagrangian Cartesian variables has the form
/27
& A ad

Po—m 3, 3 (0w, o) (1.1)

and is of hyperbolic type.
We introduce a moving system of coordinates &, &;, §; in which the motion of the system
is steady.
Bi=m — |Wltsine, & =n,— | W |tcosa, Ez=mns

where W is a given vector of sufficiently large absolute value. The angle « defines the
direction of the vector W relative to the axes ny, Mg Ms.

Let
Fwy/88, = L, Bw;/dk; = my, 0w/t = a;

We assume that I, m;, a@; are functions of the two variables &; and §,. Therefore, we
see from the equalities

#Ppikl.Matem. Mekhan.,55,3,486-492,1991



